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Abstract 
Lang, J., Jacobian pairs II. Journal of Pure and Applied Algebra 74 ( 1991) 61-71. 
In this paper we prove that the two variable case of the Jacobian Conjecture is equivalent to the 
statement: If f(x, y) and g(x. y) are polynomials in two variables with coefficients in a field of 
characteristic 0 and f and g satisfy the Jacobian condition, then the edge of the Newton polygon 
off that is adjacent to the vertical axis has slope less than one. 
Introduction 
Let k be an algebraically closed field of characteristic 0. A map F : k”+ k”, 
F(x) = (F,(x), . . . , F,l(x)) is a polynomial map if each Fi is a polynomial in n 
variables x1, . . . , x,, . If F has a polynomial map inverse, then it is easy to show 
that the determinant of the jacobian matrix aF;laXi is a nonzero element of k [4, 
p. 4231. The Jacobian Conjecture states conversely that if a polynomial map 
F=(F,,..., F,) is such that the jacobian determinant is a nonzero constant, then 
F has a polynomial map inverse. The problem was first introduced by Keller [2] in 
1939. It has remained unsolved for all but the trivial n = 1 case. This paper 
concentrates on the n = 2 case. 
Let A = k[x, y]. A pair of elements, f,g E A is an automorphic pair if 
A = k[f, g]. We say that f,g is a jacobian pair if a( f, g)la(x, y) is a nonzero 
element of k. Thus the n = 2 case of the Jacobian Conjecture states that every 
jacobian pair is an automorphic pair. 
Abhyankar proved in [l] that the Jacobian Conjecture is equivalent to the 
statement: if f,g is a jacobian pair, then the Newton polygon off is a triangle with 
vertices on the coordinate axes. It was easily shown in [3] that this is equivalent to 
proving that the Newton polygons of jacobian pairs have no edges of positive 
slope and an attempt was initiated to reduce the Jacobian Conjecture to the 
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statement: If J g is a jacobian pair, then the edge of the Newton polygon off that 
is adjacent to the y-axis has slope less than one. Using ideas from Abhyankar’s 
notes, we attempted to find a bound on the number of points at infinity off with 
respect to certain gradings of A. In this note, by using a somewhat different 
approach. we give an elementary proof of this last equivalence (see Corollary 
1.3). 
1. w-gradations and Newton polygons 
Let A = [s, y], k an algebraically closed fiel of characteristic 0. Let w = 
(ol, w2) be a pair of integers. By the o-gradutio~~ A, we mean the gradation 
that assigns weights o1 to x’ and w-, to y. Every f E can be written uniquely in 
the form f = c,, fr’, where f:’ is o-homogeneous of o-degree n andfr’ = 0 for 
almost all tz. We let degw f denote the o-degree of f and fz denote the highest 
o-degree form of J We say that f has r-po&s at iilJirtity with respect to the 
gradation w if f: is a product of r-mutually coprime factors in A. In case 
o = ( 1, I >, we will simply write deg f instead of deg, f and f + instead CI~ f: . 
We will be most interested in studying the Newton polygons of jacobian pairs. 
Given f = c ajjx.‘y’ E A, with aij E k, the set of points S(f) = ((i, j): arii # 0} U 
{(O,O)} in the real plane, BP, is called the support off. The smallest convex subset 
of W’ containing S(f) is called the Newtort polygon off and is denoted by N( f ). 
The following equivalent formulations of the Jacobian Conjecture are proved in 
Abhyankar’s 1977 Tata notes [l]. Hereafter we let e denote a nonzero generic 
(i.e. unspecified) element of k. 
Theorem 1.1 (Abhyankar). TIte following statements are equivalent: 
(i) Zf f,g E A and a( f, g)la(x, y) = e, then k[ f, g] = k[x, y]. 
(ii) If f3g E A and a( f, g) /a(_~, y) = 0, then f has one point at infinity with 
respect to ahe ( 1,l )-gradation on A. 
(iii) If f, g E A and a( f, g) /8(x, y) = 0, then the N(f) is a triangle with vertices 
(0, m). (n, O), and (0,O) for some nonnegative integers n and m. 
(iv) If f,g E A and a( f, g) /d(x, y) = e, then deg( f) divides deg( g) or deg( g) 
divides deg( f ). 0 
Our aim, in light of Theorem 1 . l( iii), is to prove the following theorem: 
Theorem 1.2. Let f,g E A with n = deg( f(x, 0)) 11 and m = deg( f(0, y)) 2 1. 
The following two statements are equivalent: 
(i) a( f. g)ld(x, y) = 0 implies A = k[ f, g]. 
(ii) a( f, g) la(x, y) = 8- implies N(f) is contained in the strip D = {(x, y) E 
R’: x - n < y < x + m} U (W x (0)) U ((0) x $8) (see Fig. 1). 
Since 
a(f(x9 y)&x, y))Wx, y) = % 
if and only if 
we obtain the following: 
Corollary 1.3. Let f, g E A. The following statements are equivalent: 
(i) a( f, g)la(x, y) = % implies A = k[ f, g]. 
(ii) a( f, g) 18(x, y) = % implies the edge of N( f ) adjacent to the vertical axis 
has slope less than one. 0 
We will need the next two results from Abhyankar’s Tata notes. Let o = 
(q , q) be a pair of integers. We say that F,G E A are w-related if a(F: , Gl ) / 
a(x, y) = 0. 
Lemma 1.4 [ 1, p. 1321. Let f be a nonzero element of A such that deg,( f) # 0. 
Suppose there exists a g E A such that f and a( f, g) ld(x, y) are w-related. Then 
there exists o-homogeneous elements H,G of A, a positive integer p and a 
nonnegative integer r such that f L = 8-H’ and a(H, G)la(x. y) = %H’. Cl 
Theorem 1.5 (Abhyankar). Assume that o, > 0, o, > 0. Let f,g be elements of A 
such that a( f, g) la(x, y) = %. Then f: = %ullu$, where i, .i, are nonnegative 
integers, i, + i2 > 0 and u = (u, , u,) is an automorphic pair for A which has one of 
the following three forms: 
J. Lnq 
(i) If 0, = +, then 11, is homogeneous in x, y, i = 1,2. 
(ii) If w, > w,, then II, = x + aywl’wZ, II Z! =y. withaEkando,/o,ENifa#O. 
(iii) If w, < o,, then II, = x, z+ = y + a~“~‘~~, with a E k and O+J, E N if 
a#O. Cl 
Lemma 1.6 below, the proof of which appears in [3], helps one to visualize the 
relationship between f: and N(f) for a pair of integers w = (0, , to?). Assume 
that f E A and N(f) has s vertices. Beginning with (O,O), proceed in the 
clockwise direction and denote them by A,, = (0, 0), A I = (a,, b, ), . . . , A, 7 
(a,, 6,). Also let A,+* = (0,O). For each i = 0,. . . , S, let q be the vector AiA,+I 
(see Fig. 2). We have the following: 
Lemma 1.6 (Lang 13, Lemma 2.11). Assume w, + oZ # 0. If the angle between 
-i3’ = o,f + ~~7 and 3” is n/2 measured in the clockwise direction from 3, then f t 
has the form e,xakyhh + . . l + 0,~‘~ + lyh’ + I, where 8,, C+? E k - (0). Further- 
more, if the angle between 75 and 3” is not n/2 for each k = 0,1, . . , s, then 
f ‘: = 43xa’yb’ for some r. q 
Lemma 1.7. Let F(t),G(t) E k[t] such that F(O)G(O) #O. Let a, b, p, q, p’, 
q’EZ+such that(pq’-p’q)(bp-aq)#Oand(bp-aq)(b-a)zO. Letf,gEA 
be given by f = xPyqF(xayh), g = xPyq’G(xayb). Suppose that a( f, g)la(x, y) = 
ef A for some A E N. Then f A - ’ divides g. 
A 
0 A 
s 
Fig. 2. 
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e-f A = a( f, gj fa(x-, 1)) 
=x P+P’-‘y4+4’-1[Xcryh((aq, - bp’)F’(xl’~h)~(x”yh) 
+ (bp - aq)F(x”yh)G’(xuyb)) 
+ (P4’ - P’q)F(~“Yh~G(~uYh)l l 
Thus 
exp(A-l)-p’+l q(A-l)-q’+l 
Y FA 
= x”y”[(aq’ - bp’)F’G + (pb - aq)FG’] + (pq’-p’q)FG. (1) 
The expression at the right-hand side of (1) belongs to k[x”y”], as does FA. 
Since F(OjG(0) # 0 and pq’ - p’q # 0, we have 
p(A-l)=p’-1, q(A - 1) = q’- 1, 
(2) 
0(F(t)i” = t[(aq’ - bp’)F’G - (aq - bp)FG’] + (pq’-p’q)FG. 
p(A-l)=p’ - 1 and q(A - 1) = q’ - 1 implies qp’ - q = pq’ -p, hence pq’ - 
p’q = p - q. Therefore, 
dFA = t[(aq’ - bp’)F’G - (aq - bp)FG’] + (p - q)FG . (3) 
Since pq’ - p’q # 0, we may assume without loss of generality that p # 0. Then 
A-lsaq’ -bp’*p’-1 <aq’-bp’ 
aq - bp p - aq - bp 
* (aq - bP)(P’ - 1) - @I’ - bP’)P q 
- (acl - bP)P 
*a(P’VP!f)-aq+bp <o 
- Ph - br)) 
* P@-4 <() 
PG?? - bP1 - 
@(bp-aq)(b-a)zO. 
By Lemma 1.8 below we obtain FA- ’ divides G. Since p(A - 1) < p’ and 
q(A - 1) c q’, we have f A-1 divides g in k[x, y]. Cl 
Lemma 1.8. Let F,G E k[t], F(O)G(O) #O. Let A, M, NE & B E Q, such that 
MrO, N>O, A>O, M(A-l)sN and NtF’G- MtFG’+ BFG=4FA. Then 
F”-’ divides G. 
Proof. Since k is algebraically closed, F is a product in kit] af linear polynomials. 
It is enough to prove that if I is a factor of F and p is a positive integer such that ZP 
divides F, then ZP(’ - ’ ) divides G. We have Z = ab -I- b with b # 0 since F(0) # 0. 
After a change in coordinates we may assume that a = 1. We may also assume 
that ZP+’ does not divide F. Write F = ZPF,, G = Z4G, with q E B’, F,G, #O 
(mod I). We will show that q 2 (A - 1)~. 
Casel: Np=Mq.ThenM>Oandqlp=N/M?A-l.Henceq?(A-1)p. 
Case 2: Np # Mq. Since diidr = 1, we have F’ = pZP-‘F, (mod ZP) and G’ = 
qZ9-‘G, (mod Z9). Therefore, 
NtF’G - MtFG’ + BFG = (Np - Mq)ZP’4-‘tFOG0 (mod Zp+‘). 
Since Np - Mq # 0, FOG, # 0 (mod I) and FA divides NtF’G - MtFG’ + WG, 
wegetpAlp+q - 1. Hence p(A - 1) 5 q - l< q. Cl 
Proposition 1.9. Let f E A. Assume that the vertices of N(f) are labelled 
A,, . . . , A, as in Lemma 1.6 and thatfor some k = 0,. . . ,s, the edge AkAk+l has 
sZope less than 1 and all edges A iA i+ , of N( f) with i c k have sZope at least 1. Let 
o, ,ol be integers such that the angZe from 73’= wlT+ 027 to the vector A,A,,; 
measured clockwise is 7~ 12. 
If for some g E A, a( f, g) /8(x, y) = e, then there exist o-homogeneous forms 
H,G and a positive integer d such that f: = 8H” and a(H, G)la(x, y) = eH”, 
s=O or 1. 
Proof. The case w1 > 0 and o7 > 0 is proved by Abhyankar in [l, p. 132, (l&7)]. 
If deg f = 1, then we may assume f = x, in which case H = x and G = y will do. 
Thus we may assume that deg f 2 2 and the slope, m, of the edge A,A,+ 1 is such 
that 0 5 m < 1. By [3, Lemma 2.21, deg f 2 2 and a( f, g)la(x, y) = e implies 
deg f(x, 0) 11. Therefore, 
b, = 0 and A, = (a,, 0) with a, a positive integer . (4) 
By Lemma 1.6, f: has the form f: = elxakybk + l l l + 431~uk+1ybk+1, where 
8,,8, are nonzero elements of k. Since m I 0, ak is less than the x-degree of all. 
of the other monomials occurring in f:, and b, is less than or equal to the 
y-degree of all of the other monomials. We can then factor 
f 
+ 
w = Xakyb”(4z& + . . . + ~2Xak+l-akybk+l-h) . 
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Let c = gcd(a,+, - ak, hk+, - bk) and a = (ak+, - a,)lc, b = (b,,, - 6,)/c. Then 
it follows that f: = auAyhnF(x”yb) for some F(r) E k[r], with F(0) # 0. Fy Lemma 
1.4, there exists o-homogeneous elements H,G E A, a positive integer n and a 
nonnegative integer e such that 
f: = 0H” and 8(H, G)/a(x, y) = eH’ . w 
Then H = xpy”F,(x”yb) with Fg = F and pd = a,, qd = 6,. Also, G w-homoge- 
neous implies N(G) is either a point or a line segment parallel to 
Therefore, G = xP’yQ’G&“yb), with G,, E IQ], p’,q’ nonnegative 
G,(O) # 0. 
NotethatblaistheslopeofA,A,+,,sothatbla<landb-a<O 
6p - aq = ((bk+, -- b,)a, - (ak+, - a,)b,)lcd 
= (6 k+,ak - b,a,_,)lcd CO, 
AA+, 
integers, 
We have 
since the slope of OA, is clearly greater than the slope of OA k+ *. Thus (6p - 
aq)(b - a) > 0. 
If pq’ - p’q #O, then by Lemma 1.7, He-’ divides G. Then if e > 0, we replace 
G by G/H’-’ and obtain a(H, G) /3(x, y) = 63H. Therefore, we need only show 
thatp’q-pq’#O if e>l. 
If e>l andp’q-pq’=O, then by (1) 
+3x p(e-I)-p’+l q(e-I)-q’+l Y G 
= x”y”[(aq’ - bp’)FhGO + (pb - aq)&,G’] . 
Comparing lowest-degree terms on both sides of the equality we get: 
p(e-l)-p’+l=an and q(e-l)-q’+l=bn 
for some positive integer n . (6) 
Then n(aq - bp) = q - p. Since the slopes of the edges A,Ai+, of N(f) are at 
least 1 for i < k, we have (by (4)) that 6, > ak and hence q > p. We have seen 
that a > b, which gives n = (q - p) /( qa - pb) < 1. Contradiction. Cl 
Corollary 1.10. If in Proposition 1.9, the edge A ,A k .r, of N( f) has positive slope 
less than 1, then there exists a constant polynomial G,(t) E k[ t] with G,,(O) Z 0 such 
that 
where a # 0 and bla equals the slope of A kA k + 1. 
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Proof. By Proposition 1.9, there exists w-homogeneous forms H,G E 4 and a 
positive integer d such that fwf = 8Hd and a(H, G)la(x, y) = WY”, s = 0 or 1. If 
s = 0, then the Newton polygon of H is a line segment with endpoints on the x 
and y axis. Then the Newton polygon of f: = 8H” has the same property, 
contradicting the assumption that A kA k + 1 has positive slope; therefore, s = 1. We 
then have 
a( f; , G)ia(x, y) = 8a(Hd, G)Id(x, Y) = +3ffd =0f: . 
A 9 in the proof of Proposition 1.9, G will have the form G = ~~‘y~‘G&“y~), with 
G, E k[t], G,(O) #0, and a,b as in the statement of the theorem. By (2) with 
A = 1, we obtain p’ = q’ = 1. It remains to show that G, is nonconstant. 
If G,, E k, we would have that F = xPy9(F,(xuyb) with F,(O) #0 and by (3), 
06, = (a - b)tFI, + ( p - q) F, . (7) 
From Corollary 1.10 it follows that either FA = 0 or a = 6. The first possibility 
implies A kA k + , is a point and the second that the slope of ,4 kA k+ , is 1. Cl 
Lemma 1.11. If the Jacobian Conjecture is not true, then there is a counter 
example f, g E A such that the edges of N( f ) adjacent to the coordinate axes have 
positive slope. 
Proof. If there is a counter example to the Jacobian Conjecture, then there exists 
a jacobian pair f,g E A such that N(f) is not a triangle as described in Theorem 
1.1(i). Then deg f > 1 and hence n = deg( f(x, 0)) 2 1 and m = deg( f(0, x)) 2 1, 
and N(f) has at least four sides. Assume that the vertices of N(f) are labeled as 
described in Lemma 1.6 above (see Fig. 3). 
(Om) 
Fig. 3. 
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Since a( f( y, x),g( y, x)) /6(x, y) = e, we may assume without loss of generali- 
ty that the slope of A ,A, is greater than or equal to the slope of A,_ ,A,. If the 
slope of A,_,A, is positive, then we a:e done. So assume the contrary._ 
Claim. There exists a jacobian pair f, g E A such that the edge of N(f) that is 
adjacent to the horizontal axis has positive slope and the edge of N(f) that is 
adjacent to the vertical axis is identical to A ,A, of N(f). 
To prove the claim we proceed by induction on n - a,_, . If 12 - a,_, = 0, then 
A,_,A, is vertical. Let o = (0,l). By Lemma 1.6, f: is of the form 
0,$” + . . . + ~2X’lyb”-1 = x’*F,( y), with F, E k[y]. Choose a! E k such that 
F&X) = 0. Make the change of coordinates x+ x + cu and y + y. Such a change 
will not affect the edges A iAi+ 1, Osiss-2of N(f), but the edgeA,_,A, will 
be replaced by at least two edges with the one adjacent to the horizontal axis of 
positive slope. 
If n - a,_, >O, then let o1 = b,+, o3 = n -a,_, and o = (01, w). By Lemma 
1.6, 
f : = e*xn + . . . + ~*x%-lyb*-l 
=x as-1 (e 1X 
n--as-l 
+ . . . + e2X)Iy-bs - 1) 
= ex”S- 1( y + axw2’*l )9 , 
by Theorem 1 S. Again, if we make the change of coordinates x + X, y + y + 
ax W$Wl the edges AiAi+,, 0 5 i (: s - 2, of N(f) will be unaffected, but the edge 
A,__,A, will be replaced by a number of edges, with the edge adjacent to the 
horizontal axis either having positive slope or having horizontal direction less than 
n - a,_,. This proves the claim. Now by symmetry, the lemma is proved. Cl 
Proof of Theorem 1.2. By Theorem 1.1 we have that (i) + (ii). Now assume (ii) 
and that there is a counter example to the two variable case of the Jacobian 
Conjecture. By Lemma 1.11 then, there exists f,g E A such that a( f, g) / 
t3(x, y) = 43 and where the edges of N(f) adjacent to the coordinate axes have 
positive slope, which by hypothesis must also be less than 1. Assume the vertices 
of N(f) are labeled as in Lemma 1.6 and that n = deg f(x, 0) and m = 
deg f(0, y). Let o1 = m - b,, w2 = a2 and w = (ol, wz). By Corollary 1.10 there 
exists a nonconstant polynomial G,(t) E k[t] with G,(O) # 0 such that 
a(f:, xyq-)(x”y”))fa(x, Y) = ef: 9 
where a # 0 and b/a equals the slope of A ,AZ. Let s = deg G,,. Then s > 0 and the 
highest (1 ,l)-degrele form of xyG,(x”yb) is ~x*+Osylcbs. The highest (1 ,l )-degree 
form of f z is given by the vertex A, of N( f ), i.e. xuZyhZ. A comparison of 
(l,l)-degrees on both sides of the equality 
a(f: 7 xyG,(x”yb))Wx, Y) = ef: 
70 J. Laug 
yields 
Thus tiz( 1 + bs) = b,( 1 + m). Since b < a, it must be that a2 > b,, so that A, lies 
below the diagonal x = y in R’. By symmetry, we get A,_ 1 lies above the diagonal 
x = y. These last two statements contradict the convexity of N(f). Cl 
1.12. Assume f, g E A and a( f, g) /8(x, y) = e. It is easy to see that if N(f) has 
an edge of negative slope, then this edge must be adjacent to at least one of the 
coordinate axes; for assume that the vertices of N(f) are labeled as in Lemma 1.6 
and the slope of A kA k+ 1 is negative. Let o, = b, - b, +, , o2 = ak+ 1 - a,, and 
w = (q, w?). Then by Lemma 1.6, 
f 
: = ~,XQkYh + . . . + ++Xak+ lybL+ I
= xUhyb,+ I(qg + l l * + 0,y"Z) ) 
where 8,,8, E k*. If akbik+l # 0, then f has at least three points at infinity with 
respect to W; thus by Theorem 1.5, ak = 0 or bb+, = 0. 
If the Jacobian Conjecture is not true in the two variable case, then by 
Theorem 1.2 and Lemma 1.11, there is a counter example f, g as above with the 
slope of A,A2 greater than one and the slope of A,_,A, positive. As just shown, 
f + = CFxaJybl for some j = 2, . . . , s - 1. By Proposition 1.9 and the argument used 
il proving Theorem 1.2, we have that either the edges A jA i+, all have slope 
greater than one for 1 I: i 5 j, or they all have slope less than one for j + 15 i 5 s 
(see Fig. 4). 
71 
Fig. 5. 
Thus I feel that an interesting case to consider and N(f) 
with two-edges than 1 (see Fig. 5). one decide 
this step closer the Jacobian problem in 
variables. 
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